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Abstract. A recent model showed how a clay shrinkage curve is step-by-step 
transformed into the shrinkage curve of an aggregated soil at any clay content if it is 
measured on samples so small that cracks do not occur at shrinkage. Such a shrinkage 
curve was called a reference curve. The present work generalizes this model to any 
soil sample size or layer thickness, i.e., to any crack contribution to the shrinkage 
curve. The approach is based on: (i) recently suggested features of an intra-aggregate 
structure; (ii) detailed accounting for the contributions to the soil volume and water 
content during shrinkage; and (iii) new concepts of lacunar factor, crack factor, and 
critical sample size. The following input parameters are needed for the prediction: (i) 
all parameters determining the basic dependence of the reference shrinkage curve; (ii) 
parameters determining the critical sample size (structural porosity and minimum and 
maximum aggregate size at maximum swelling); and (iii) initial sample size or layer 
thickness. A primary experimental validation of the new model concepts is conducted 
using the relevant available data on the shrinkage curves of four soils with different 
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different sizes. The results show evidence in favor of the model. 
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1. Introduction 
Physical understanding of soil shrinkage and cracking is critically important for 
similar understanding of the hydraulic properties, water flow, and transport 
phenomena in soils. The major issue can be formulated as follows: how can one 
express the crack volume at soil shrinkage and the shrinkage curve of the soil with 
cracks through inter- and intra-aggregate soil structure, clay content and type, as well 
as sample size or layer thickness (here and below we imply the physical prediction 
without fitting). At present time the total physical understanding of the issue is 
lacking, although there are various data (which may be insufficient) and some 
theoretical results (see References below). There are experimental estimates of soil 
crack volume (e.g., Zein el Abedine and Robinson, 1971; Yaalon and Kalmar, 1984; 
Dasog et al., 1988). There are also models connecting the crack volume with 
shrinkage curve (e.g., Chertkov and Ravina, 1998, 1999; Chertkov, 2000a). 
Nonetheless, the shrinkage curve is found from experimental data, but not through 
parameters of soil structure, clay content and type. Except for that the sample size 
effects were not considered in the modeling. Thus, it is currently impossible to 
physically predict the crack volume. There are many works devoted to the 
measurement of the soil shrinkage curve using different methods, sample sizes, and 
soils with the relatively small organic matter content, 0.15-3.5% by weight (e.g., 
McGarry and Daniels, 1987; Tariq and Durnford, 1993; Olsen and Haugen, 1998; 
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Crescimanno and Provenzano, 1999; Braudeau et al., 2004, 2005; Peng and Horn, 
2005; Boivin et al., 2006; Cornelis et al., 2006). These works constate that in general 
case the shrinkage curve of a cracked soil depends on soil structure and sample size, 
and propose the different fitting approximations of the shrinkage curves. At 
sufficiently small sample size the shrinkage curve does not depend on the latter and 
contains no cracks (more accurately their volume is negligible) (e.g., Crescimanno 
and Provenzano, 1999; Braudeau et al., 2004; Boivin et al., 2006). However, where 
does the border lie between "small" and "large" samples from the physical viewpoint? 
There is also the physical model of the so-called reference shrinkage curve, i.e., the 
shrinkage curve that is obtained using the sufficiently small samples when the crack 
volume is negligible (Chertkov, 2007a, 2007b, 2007c, 2008a). This model links the 
reference shrinkage curve with soil structure and physical properties and 
quantitatively explains the shape of the shrinkage curve. However, the possibility to 
physically predict the shrinkage curve while accounting for the sample size, and 
correspondingly, cracking is so far lacking. In addition, the soil shrinkage curve and 
crack volumes for geometry of layer (i.e., for the actual field conditions) and sample 
are quite different (Chertkov, 2005a). 
Below we propose the solution of the above issue. Detailing the title of this work, 
its objective is to consider without fitting the effects of clay content, clay type, inter- 
and intra-aggregate soil structure, sample size and layer thickness, on such 
characteristics of soil shrinkage as evolution of crack, matrix, and soil volume with 
water content decrease in the framework of an integrated approach. The first major 
point of the approach to be used is the recently suggested intra-aggregate structure 
accounting for lacunar pores and an aggregate surface layer with specific properties 
(Chertkov, 2007a, 2007c, 2008a). The second major point is the consideration and 
discussion of all the contributions to the soil volume and water content based on the 
inter- and intra-aggregate soil structure. The third major point is the use of new 
concepts of lacunar factor (k), crack factor (q), and critical sample size (h*). The 
content of the theory is reflected by the titles of Sections 2-8. We consider in detail 
the physical soil parameters that are needed to check the approach (Section 9). 
Finally, we analyze the relevant available data in order to check the different aspects 
of the approach (Sections 10 and 11). Notation is summarized at the end of the paper. 
2. Water content and volume balance equations based on the soil structure 
The objective of this section is to derive simple equations that determine the 
variation of a soil volume as water content decreases, accounting for the actual 
contributions to the soil volume and water content. We rely on the structure of 
aggregated soils with negligible organic matter content from Chertkov (2007a, 2007c, 
2008a). Figure 1 illustrates the soil structure in detail. The key point of the structure is 
the existence of the surficial (or interface) aggregate layer that is deformable, but does 
not shrink. The introduction of this layer allows one to quantitatively (without fitting) 
explain the observed reference shrinkage curve (Chertkov 2007a, 2007c, 2008a) and 
the soil-water retention at drying (Chertkov, 2010a). 
The gravimetric water content of the soil, W includes two contributions (Chertkov 
2007a, 2007c, 2008a): the water content of the intra-aggregate matrix, w' (per unit 
mass of the oven-dried soil) and the water content of the interface layer, ω(w') (Fig.1) 
 
W(w')=w'+ω(w'),   0≤w'≤w'h,   0≤W≤Wh                                                                      (1) 
 
This water content balance equation suggests that inter-aggregate pores are large 
compared to intra-aggregate pores. For this reason at the maximum swelling point, Wh 
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(Fig.2) when aggregates are water saturated the inter-aggregate pores from the 
capillarity considerations stay empty and do not contribute to the soil water content, 
W (Eq.(1)) at W<Wh, i.e., at shrinkage. It is obvious (Fig.1) that the specific volume of 
the soil with cracks, Y consists of two contributions, the specific volume of aggregates 
(per unit mass of the oven-dried soil), Ua(w') and specific volume of cracks (per unit 
mass of the oven-dried soil), Ucr(w') 
 
Y(w')=Ua(w')+Ucr(w'),    0≤w'≤w'h                                                                                (2) 
 
The growth of the Ucr(w') volume is the result of the evolution of inter-aggregate 
pores at shrinkage, starting from the initial value, Us=Ucr(w'h) that corresponds to 
these pores at maximum swelling point w'=w'h. In turn, the Ua(w') volume also 
includes two contributions (Fig.1): the specific volume of the interface layer (per unit 
mass of the oven-dried soil), Ui that does not depend on w', and the specific volume of 
the intra-aggregate matrix (per unit mass of the oven-dried soil), U'(w') 
 
Ua(w')=Ui+U'(w'),    0≤w'≤w'h                                                                                      (3) 
 
Joining Eqs.(2) and (3) one obtains the first volume balance equation of the soil at 
shrinkage 
 
Y(w')=Ui+U'(w')+Ucr(w'),    0≤w'≤w'h                                                                           (4) 
 
This equation relates to the soil as a whole. The second volume balance equation 
relates to the intra-aggregate matrix and presents U'(w') as the sum of the specific 
volumes (per unit mass of the oven-dried soil) of soil solids (clay particles, silt, and 
sand grains), U'cs that does not depend on w', clay pores, U'cp(w'), and lacunar pores, 
U'lp(w') (Fig.1) 
 
U'(w')=U'cs+U'cp(w')+U'lp(w'),    0≤w'≤w'h  .                                                                 (5) 
 
The specific volume, U(w) of the intra-aggregate matrix per unit mass of the oven-
dried matrix itself (w is the water content of the intra-aggregate matrix per unit mass 
of the oven-dried matrix itself) is connected with U'(w') as (Chertkov 2007a) (Fig.2) 
 
U'(w')=U(w)/K,     w'=w/K                                                                                           (6) 
 
where K>1 is the aggregate/intra-aggregate mass ratio. Similar relations can be 
written for the values of Ucs (≡1/ρs; ρs being the density of solids), Ucp(w), and Ulp(w) 
(related to unit mass of the oven-dried intra-aggregate matrix itself) 
 
U'cs=Ucs/K,     U'cp(w')=Ucp(w)/K,     U'lp(w')=Ulp(w)/K .                                             (7) 
 
Equation (5) in terms of U, Ucs, Ucp(w), and Ulp(w) (instead of the values with a 
prime) has been used (Chertkov, 2007a, 2007c) in considering of the reference 
shrinkage curve at any clay content when the specific volume of the inter-aggregate 
(structural) pores, Us (Fig.1) is kept at shrinkage, and cracks do not appear, i.e., when 
 
Ucr(w')=Us=const  .                                                                                                      (8) 
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In this case as it can be seen from Eqs.(4) and (8) that the soil shrinkage curve Y(w') 
as a function of w' (or W according to Eq.(1)) is only determined by the U'(w') 
dependence, and the second volume balance equation (Eq.(5)) plays the major part. 
Unlike that in this work, we consider the general case of an arbitrary sample size (and 
layer thickness) and the corresponding Ucr(w') dependence. Here, the first volume 
balance equation (Eq.(4)) and its role in the task solution become complicated. 
3. Definition of lacunar (k) and crack (q) factors 
The objective of this section is to introduce two factors that characterize the intra- 
and inter-aggregate variations of the soil volume at drying and allow one (see section 
4) to find dependencies Y(w') and Ucr(w') based on Eqs.(4) and (5). Equation (5) 
corresponds to shrinkage of the intra-aggregate matrix (Fig.1) while Eq.(4) 
corresponds to shrinkage of the soil as a whole (Fig.1). However, both these equations 
have an analogical structure. The first term in the right part (Ui in Eq.(4) and U'cs in 
Eq.(5)) is a constant as water content decreases. The second term is a volume whose 
variations initiate both the variations of the third term and the term in the left part. For 
instance, the primary variations of U'cp(w') in Eq.(5) lead to secondary variations of 
U'lp(w') and U'(w'). Similarly, the primary variations of U'(w') in Eq.(4) lead to the 
secondary variations of Ucr(w') and Y(w'). This connection between the primary and 
secondary volume variations becomes more clear if Eqs.(4) and (5) are written in 
differential form as 
 
dY(w')=dU'(w')+dUcr(w'),    0≤w'≤w'h  ,                                                                       (4') 
 
dU'(w')=dU'cp(w')+dU'lp(w'),    0≤w'≤w'h  .                                                                  (5') 
 
Equation (5') has been considered in the case of crack absence (Chertkov, 2007c, 
2008a) for the values without a prime (see Eqs.(6) and (7)). In these works the link 
between the primary volume variation (dU'cp(w')) and secondary ones (dU'lp(w') and 
dU'(w')) was determined by lacunar factor, k. By definition, k is the fraction of the 
increment of the clay matrix pore volume at shrinkage, dU'cp(w')<0 that is transformed 
to the corresponding increment of the lacunar pore volume inside the intra-aggregate 
matrix, dU'lp(w')>0 (Fig.1). That is, by definition 
 
dU'lp(w')=-k dU'cp(w'),    0≤k≤1,    0≤w'≤w'h .                                                              (9) 
 
Then, from Eq.(5') the increment of the intra-aggregate matrix volume (and increment 
of the aggregate volume because U'cs=const in Eq.(5) and Ui=const in Eq.(4)) is 
 
dU'(w')=(1-k) dU'cp(w'),    0≤k≤1,    0≤w'≤w'h  .                                                         (10) 
 
k is the characteristics of the soil that depends on clay type and clay content, c, but not 
on water content (Chertkov, 2007c, 2008a). At a high clay content, c>c* (c* is the 
critical clay content (Chertkov, 2007a)) the lacunar pore volume (Fig.1) is negligible 
and according to Eq.(9) k=0 in the whole range 0≤w'≤w'h. At c<c* lacunar pores exist, 
and according to Eqs.(9) and (10) 0<k<1. The following result (Chertkov, 2007c, 
2008a) is essential: k, that by definition, is connected with the variation of the intra-
aggregate structure of a soil at shrinkage, simultaneously determines the slope Sr of 
the reference shrinkage curve in the basic shrinkage range as (Fig.2) 
 
Sr≡dU'/dW=(1-k)/ρw,        Wn≤W≤Ws                                                                         (11) 
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where ρw is the water density, and Wn and Ws are the end-points of the basic and 
structural shrinkage, respectively. For pure clays and soils with high clay content k=0 
and the slope is numerically equal to unity (Chertkov, 2007a). Equation (11) shows 
the simple link between the immediately observed (on small samples; for exact 
meaning of the terms "small" and "large" see section 6) macro-parameter of reference 
soil shrinkage (Sr) and micro-parameter of the intra-aggregate structure (k). Since k is 
connected with the intra-aggregate structure and does not depend on inter-aggregate 
pores (that are transformed to cracks), the expression k(c) (section 5) and definition of 
k (Eqs.(9) and (10)) are kept in the general case of crack development in sufficiently 
large samples. However, compared to Eq.(11), the expression for the slope, S of the 
shrinkage curve in the basic shrinkage range in this case changes (Section 4). 
Now, in the force of analogy between Eqs.(4') and (5') (see beginning of this 
section), one can introduce a crack factor q and, based on Eq.(4'), express the 
secondary volume variations, dY(w') and dUcr(w') through the primary one, dU'(w') as 
 
dUcr(w')=-q dU'(w'),    0≤q≤1,    0≤w'≤w'h ,                                                               (12) 
 
dY(w')=(1-q) dU'(w'),    0≤q≤1,    0≤w'≤w'h  .                                                            (13) 
 
That is, by definition q is the fraction of the increment of the aggregate volume at 
shrinkage, dUa(w')=dU'(w')<0 (see Eq.(3) where Ui=const) that is transformed to the 
corresponding increment of the crack volume inside the soil, dUcr(w')>0. We assume 
that q does not depend on water content (cf. with similar assumption for k in 
Chertkov, 2007c, 2008a). This assumption 1 will be justified, by the available data 
(section 11.3). The dependence of q on the sample size is considered in Section 7. 
4. Specific soil and crack volumes as functions of lacunar and crack factors 
Integrating Eq.(12) with the initial condition Ucr(w'h)=Us and replacing U'(w') with 
U(w)/K (Eq.(6)), one can express the specific crack volume, Ucr(w') through the 
specific volume of the intra-aggregate matrix, U(w) as (see Uh and U(w) in Fig.2 and 
w'(w) in Eq.(6)) 
 
Ucr(w')=q (Uh-U(w))/K+Us                                                                                         (14) 
 
Replacing in Eq.(4) Ucr(w') from Eq.(14) and U'(w') from Eq.(6) one can also express 
the specific soil volume Y(w') through U(w) as 
 
Y(w')=(1-q)U(w)/K+qUh/K+Us+Ui  .                                                                          (15) 
 
Thus, the soil (Eq.(15)) and crack (Eq.(14)) volumes as functions of water content are 
determined by the intra-aggregate matrix volume, U(w) and the water content 
relations (Eqs.(1) and (6)). Note that in the case of the sufficiently small samples, 
when the inter-aggregate pores do not grow and are not transformed to cracks (Eq.(8); 
Fig.1), i.e., q=0 (see Eq.(12)), the specific soil volume, Y(w') from Eq.(15) is reduced 
to the reference shrinkage curve, Y(w')≡Yr(w')=U(w)/K+Us+Ui (together with Eq.(1)) 
that was considered in Chertkov (2007a, 2007c, 2008a). Finding the U(w) dependence 
for the specific volume of the intra-aggregate matrix (as well as the constant specific 
volumes, Uh, Ui, and Us) has been considered in detail in these works. In particular, 
the essential dependence of U(w) on the lacunar factor, k has also been considered. 
This dependence of U(w) on k leads to corresponding dependences of Ucr(w') 
(Eq.(14)) and Y(w') (Eq.(15)). Hence, as in the case of the reference shrinkage curve, 
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in the general case Y(w') in Eq.(15) and Ucr(w') in Eq.(14) together with Eq.(1) give 
the parametric presentation of the shrinkage curve, Y(W), as well as the specific crack 
volume vs. the soil water content, Ucr(W) (Fig.2). These presentations allow one to 
calculate Y(W) and Ucr(W) through U(w) or Yr(w') (accounting for the U(w) 
dependence on k from Chertkov, 2007a, 2007c, 2008a) and the crack factor, q (for a 
number of physical soil parameters necessary for the calculation see section 9). The 
slope S≡dY/dW of the shrinkage curve Y(W) of the soil with cracks (q>0) in the basic 
shrinkage range Wn≤W≤Ws (see Fig.2) can be found as (Eq.(13)) 
 
S≡dY/dW=(1-q)dU'/dW,        0≤W≤Wh  .                                                                    (16) 
 
However, in the basic shrinkage range (see Eq.(11)) dU'/dW=(1-k)/ρw (Chertkov, 
2007c). Hence, for the soil with cracks 
 
S=(1-q) (1-k)/ρw,     Wn≤W≤Ws  .                                                                               (17) 
 
Thus the task of finding the Y(W) and Ucr(W) dependences (Eqs.(15), (14), (1), and 
(6)) and, in particular, the S slope (Eq.(17); Fig.2), is reduced to finding k and q. 
5. Lacunar factor expression 
Derivation of the lacunar factor, k was recently considered (Chertkov, 2010b). The 
objective of this section is to briefly review the derivation results as applied to our 
aims in this work. The lacunar pores develop inside aggregates (Fig.1) (Fiès and 
Bruand, 1998). For this reason and according to its physical meaning, the k value can 
only depend (except for the soil clay content, c) on the characteristics of the intra-
aggregate matrix (see Fig.1). These characteristics include ones of the contributive 
clay (reflecting the clay type), the relative volumes of clay solids, vs and the oven-
dried clay, vz (Chertkov, 2000b, 2003) as well as the porosity p of the contributive silt 
and sand grains when they are in the state of imagined contact. vs, vz, and p enter the 
expression for the critical clay content, c* (Chertkov, 2007a) as 
 
c*=[1+(vz/vs)(1/p-1)]
-1
 .                                                                                              (18) 
 
In addition, k is a dimensionless value. For this reason it is assumed that at c<c* the 
soil lacunar factor k as a function of the clay content, c is a universal function k(c/c*) 
of the c/c* ratio at 0<c/c*<1 (at c/c*>1 the lacunar pores are lacking, and k=0). 
Accounting for the obvious conditions: k(0)=1, k'(0)=k''(0)=0, k(1)=0, k'(1)=k''(1)=-∞ 
(Fig.3), the following simple expression for k(c/c*) was found 
 
k(c/c*)=[1-(c/c*)
3
]
1/3
,    0<c/c*<1  .                                                                            (19) 
 
This expression was validated using available data on sixteen soils from Braudeau and 
Mohtar (2004), Braudeau et al. (2005), and Boivin et al. (2006). 
6. The critical sample size 
In section 7 we consider the case of a three-dimensional sample with finite sizes. 
The three sample sizes are usually close. For this reason the samples of approximately 
cubic shape with side h are considered below. This section is devoted to introducing 
some sample size, h* that is critical from the viewpoint of the appearance of cracks in 
the sample at shrinkage. The preliminary introduction of h* is necessary for the 
consideration (in section 7) of the crack factor q as a function of sample size. 
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Two physical conditions determine the existence and value of such a critical 
sample size h*. Before formulating these conditions we expose some heuristic 
considerations in their favor. Any sample consists of aggregates. The cracks in a 
sample appear as a result of the inter-aggregate pores developing at shrinkage (Fig.1). 
The aggregates (and the inter-aggregate pores associated with them) are distributed by 
size. The cumulative aggregate-size distribution at maximum soil swelling, F(X, Xmin, 
Xm, Ph) (Chertkov, 2005b) depends on the following parameters: minimum (Xmin) and 
maximum (Xm) aggregate sizes, and inter-aggregate porosity at maximum swelling 
(Ph). Using the F distribution one can estimate the mean distance, l between the 
aggregates of size X, in particular, the mean distances lmin and lm at X=Xmin and X=Xm. 
Usually lmin<<lm and lm/lmin∼10
2
. Therefore one can introduce the size h* that meets 
the following conditions 
 
lmin<<h*<lm  .                                                                                                             (20) 
 
We are interested here in the samples of such size. Indeed, with high probability 
samples so small (h*<lm) do not contain or only contain one large aggregate (large 
inhomogeneity) and are relatively homogeneous from the viewpoint of the aggregate 
size range. Therefore, according to fracture mechanics (e.g., Gdoutos, 1993) initiation 
and development of cracks in such samples under loading (in our case under action of 
shrinkage stresses) is suppressed compared with that in the larger samples of the same 
soil. On the other hand, according to Eq.(20) such samples (with size h*<lm) are 
simultaneously sufficiently large (lmin<<h*) to still contain the enormous number of 
aggregates and, hence, to be representative for the soil. 
Thus, the physical conditions determining the critical sample size, h* from the 
viewpoint of the crack development in the sample at shrinkage are as follows. 
(i) Condition of approximate sample homogeneity. The number of large aggregates 
(inhomogeneities) in the sample that lead to cracking at shrinkage should be as small 
as possible. In the mathematical form this condition is written as 
 
h*<lm .                                                                                                                        (21) 
 
(ii) Condition of representativity or macroscopicity. On the other hand, such a small 
and (approximately) homogeneous sample should nevertheless be sufficiently large to 
have a macroscopic size, i.e., contain an enormous number of aggregates. Then, the 
small sample (in the meaning of Eq.(21)) can still be considered a representative 
elementary volume of the soil matrix (Bear and Bachmat, 1990). In the mathematical 
form this condition is written as 
 
lmin<<h*  .                                                                                                                   (22) 
 
Critical size, h* plays the part of the boundary between "small" samples of size, h 
meeting the condition, lmin<<h<h* and "large" ones of size h>h*. With high 
probability the small samples are only subject to deformation at shrinkage. The large 
ones are also subject to cracking. The larger h is (at h>h*), the larger the crack 
volume at a given water content. To estimate lmin, lm, and then h* we should first 
specify the lmin and lm concepts. We are interested in the mean distances, lmin and lm 
between the smallest and largest aggregates, respectively. In both cases we imply the 
aggregates of sizes in a certain small range ∆X adjoining to the minimum (Xmin) or 
maximum (Xm) aggregate sizes, respectively, but not the aggregates of exact size, Xmin 
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or Xm (since the number of aggregates of size, Xmin or Xm exactly, is equal to zero). 
With that the small range, ∆X should be physically small. That is, ∆X should 
simultaneously comply with the following conditions: (i) ∆X is maximally small 
compared to Xm (∆X<<Xm); but at the same time (ii) ∆X exceeds the maximum size, 
0.05 mm of the smallest sub-aggregate particles (clay particles and silt grains); and 
(iii) ∆X exceeds the minimum aggregate size, Xmin. The first condition is obvious. The 
two last conditions should be fulfilled since ∆X is the range of the aggregate size axis. 
Accounting for that usually Xmin<<Xm one comes to the ∆X estimate as 
 
∆X=max(0.05mm, Xmin)<<Xm                                                                                    (23) 
 
Thus, lmin is understood as the mean distance between aggregates of size X in the 
range Xmin≤X≤Xmin+∆X adjoining to Xmin (∆X from Eq.(23)) with the mean aggregate 
size X=Xmin+∆X/2. Similarly, lm is understood as the mean distance between 
aggregates of size X in the range, Xm-∆X≤X≤Xm adjoining to Xm with the mean 
aggregate size X=Xm-∆X/2. The mean distances, lmin and lm are determined by 
cumulative aggregate-size distribution at maximum swelling, F(X, Xmin, Xm, Ph) from 
the intersecting surfaces approach (Chertkov, 2005b) as follows. (i) The volume of 
aggregates of size X in the small range ∆X (Eq.(23)) per unit volume of all aggregates 
is (dF/dX)∆X (by definition of the F distribution ). (ii) The number of such aggregates 
per unit volume of all aggregates is (1/X
3
)(dF/dX)∆X. (iii) The volume of all 
aggregates per one such aggregate of size X is the reciprocal: X
3
/[(dF/dX)∆X]. (iv) 
The soil volume per one such aggregate of size X is (1-Ph)
-1
X
3
/[(dF/dX)∆X] (Ph being 
the inter-aggregate porosity at maximum swelling). (v) The mean distance l in the soil 
between aggregates of size X in the small range ∆X is l=(1-Ph)
-1/3
X/[(dF/dX)∆X]
1/3
. 
(vi) Thus, by definition of lmin and lm and accounting for ∆X (Eq.(23)) 
 
lmin=(1-Ph)
-1/3
(Xmin+∆X/2)/[(dF/dX) 2/min XXX ∆+= ∆X]
1/3
  ,                                           (24a) 
 
lm=(1-Ph)
-1/3
(Xm-∆X/2)/[(dF/dX) 2/m XXX ∆−= ∆X]
1/3
 .                                                  (24b) 
 
Now one should estimate h* from lmin and lm (Eq.(24)). It is obvious that the 
physical conditions from Eq.(20) do not determine h* in a single-valued manner, but 
only by the order of magnitude as 10lmin∼0.1lm≅/<h*<lm (since lm/lmin∼10
2
). For this 
reason we, first, define the rough approximation, h*o of the h* value as 
 
h*o=(lminlm)
1/2
  .                                                                                                          (25) 
 
In the task of the h* presentation there are two independent parameters with the 
dimension of length, e.g., Xmin and Xm, or lmin and lm, and others. However, the most 
convenient choice of the parameter pair is h*o and Xm since h*∼h*o and Xm/h*o∼0.1. 
One can then write h* from the dimension considerations as h*=f(Xm/h*o)h*o. Here, 
from the geometrical considerations, the f function should, in fact, depend on the ratio, 
Xm
3
/h*o
3
 of the maximum aggregate volume, Xm
3
 to the h*o
3
 volume because the 
samples under consideration have three close sizes. Further, since f→0 at Xm→0 
(from the physical meaning of Xm and h*) and since (Xm/h*o)
3
∼10
-3
 the f function is 
proportional to (Xm/h*o)
3
. Since h*∼h*o (and (Xm/h*o)
3
∼10
-3
) the proportionality 
coefficient is close to 10
3
 (assumption 2). Thus, h* for any soil is presented as 
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h*=10
3
(Xm/h*o)
3
h*o  .                                                                                               (26a) 
 
This theoretical coefficient (10
3
) can be specified using the relevant data on a 
sufficiently large number of different soils. The substantiation of the h* presentation 
from Eqs.(24)-(26a) using available data will be considered in Section 11.3. 
To obtain the illustrative numerical estimates of lmin, lm, h*o, and h* for the real F 
distributions (see ISA approach (Chertkov, 2005b)), first, we replace (1-Ph)
-1/3
 in 
Eqs.(24a) and (24b) with unity since usually Ph≅0-0.15 and 1<(1-Ph)
-1/3
<1.05. Second, 
we take the reasonable values of Xmin≅20-70µm and Xm≅2-5mm. Table 1 shows the 
lmin and lm estimates for the possible pairs of boundary values of Xmin and Xm. The h*o 
(Eq.(25)) and h* (Eq.(26a)) estimates are also shown in Table 1, according to which 
h* is within the limits of the first centimeters. For a particular soil the estimates of lmin 
(Eq.(24a)), lm (Eq.(24b)), and h* (Eqs.(25) and (26a)) can be specified. According to 
Table 1 in the aggregated soil the relative mean distance between the smallest 
aggregates, lmin/Xmin can be both more and less than that between the largest 
aggregates, lm/Xm. It should be noted that in a number of experiments on soil 
shrinkage (Crescimanno and Provenzano, 1999; Braudeau et al., 2005; Boivin et al., 
2006; Cornelis et al., 2006) the sample sizes without observable cracking, meet the 
condition h<h*≅2-5cm. Conversely, in the samples of size h>h*≅2-5cm cracks were 
observed (Crescimanno and Provenzano, 1999; Cornelis et al., 2006). Thus, the above 
theoretical estimate of h* (by the order of magnitude) is in agreement with the 
available data. Finally, we should indicate the applicability condition of the above 
estimating of the critical sample size, h* according to Eqs.(20), (23)-(26a). With the 
decrease in clay content soil shrinkage weakens. At sufficiently weak shrinkage even 
the maximum possible shrinkage stresses become less than the soil strength. Hence, 
cracking does not occur, even in large samples of soils with such weak shrinkage. It 
means that with a decrease in clay content, the critical sample size, h* grows 
(depending on the soil texture and structure) and, eventually, can exceed the lm value 
(see Eq.(20)) (for instance, it is clear that for rigid soils, formally, h*→∞). For this 
reason one can obtain the applicability condition of the above h* estimate, substituting 
for h* in the condition, h*<lm (Eq.(20)) its expression from Eq.(26a) as 
 
10
3
(Xm/h*o)
3
h*o<lm  .                                                                                               (26b) 
 
The violation of this condition for a particular soil will mean its sufficiently weak 
shrinkage (vs. its strength properties) and inapplicability of the above way of 
estimating h*. It is clear, however, that for clay soils this condition should be fulfilled. 
7. The crack factors for a sample (qs) and layer (ql) 
The objective of this section is to derive the crack factor expressions in sample 
and layer cases. The increment dU'(w') of the intra-aggregate matrix volume depends 
on clay type and content through the increment dU'cp(w') of the clay pore volume and 
lacunar factor, k (Eqs.(10) and (19)). For this reason it is natural to assume that at a 
given increment, dU'(w') both the increments of soil (dY(w')) and of crack (dUcr(w')) 
volume (Eqs.(12) and (13)) do not depend on the clay type and content in the soil. In 
other words, dY(w') and dUcr(w') can only depend on clay content and type through 
dU'(w') (Eq.(10)), but not through the crack factor, q. That is the latter only depends 
on sample shape and sizes. We consider the simplest case of a sample that can be 
characterized by one size h (i.e., with three finite close sizes). It can be the sample of 
the approximately cubic or cylindrical shape (close in height and diameter). We 
designate the crack factor of such a sample as qs. The cracks develop between 
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aggregates from the initial structural (inter-aggregate) pores (Fig.1). For this reason 
and according to its physical meaning, the qs value can only depend (except for the 
sample size, h) on the characteristics of the aggregate-size distribution, such as Xmin, 
Xm, and Ph (see previous section). These characteristics enter the expression for the 
critical sample size, h* (Eqs.(24)-(26a)) that plays the part of the internal soil scale. In 
addition, qs is the dimensionless value. For this reason it is assumed that the crack 
factor of a soil sample, as a function of the sample size, h is a universal function 
qs(h/h*) of the h/h* ratio (the sample scale parameter). 
The qs(h/h*) dependence can be constructed as follows. In the small samples 
(h<h*) cracks do not appear at shrinkage (see section 6). It means that at h<h* in 
Eq.(12) dUcr(w')=0. Hence, at 0<h/h*<1 qs(h/h*)=0 (Fig.4) (see Eq.(12) where 
dU'(w')≠0). With an imagined sample size increase in the range including h=h* and at 
any possible fixed water content, the probability of crack appearance and opening 
smoothly increases starting from zero value at h=h*. In other words the qs(h/h*) 
dependence should be smooth at h/h*=1; that is, qs(h/h*=1)=0 and dqs/d(h/h*)|h/h*=1=0 
(Fig.4). Therefore, in the sufficiently small range 1≤h/h*<1+ε, adjoining to h/h*=1, qs 
can be presented as qs≅b1(h/h*-1)
2
 where b1 is a universal constant (i.e., one that 
relates to any shrinking and cracking soil). Such a presentation is just the first non-
disappearing term of the expansion of qs in powers of (h/h*-1) in the vicinity of 
h/h*=1. In connection with the qs behavior at large h/h* values, it is clear that at 
h/h*→∞, the shrinkage of the intra-aggregate matrix (dU'(w') in Eqs.(12) and (13)) is 
totally transformed to crack volume increase (dUcr(w')) (indeed, at very large soil 
volume it is meaningless to speak about the shrinkage of the soil volume as a whole, 
i.e., dY=0 in Eq.(13) at h/h*→∞). Hence, qs(h/h*→∞)→1 (see Eq.(12) and Fig.4). 
Therefore, at sufficiently large h/h*, qs can be presented as qs≅1-b2/(h/h*-1) where b2 
is also a universal constant. Such a presentation corresponds to the first terms of the 
expansion of qs in powers of (h/h*-1)
-1
 at large h/h*. Figure 4 shows the qualitative 
view of the corresponding qs(h/h*) dependence throughout the range, 0<h/h*<∞. 
Accounting for this qualitative view and the above quantitative behavior of qs at 
0<h/h*<1, in the vicinity of h/h*=1, and at h/h*>>1, one can suggest for qs(h/h*) 
(Fig.4) the following quantitative presentation in the case of the sample with three 
close sizes ∼h (assumption 3) 
 
qs(h/h*)=0,                         0<h/h*≤1                                                                       (27a) 
 
qs(h/h*)=b1(h/h*-1)
2
,          1≤h/h*≤1+δ                                                                  (27b) 
 
qs(h/h*)=1-b2/(h/h*-1),       h/h*≥1+δ                                                                      (27c) 
 
This presentation is obtained by continuing of the qs presentations at h/h* close to 
h/h*=1 and at h/h*>>1 beyond the limits of their formal applicability, up to a 
"sewing" point, h/h*=1+δ (Fig.4). The smoothness conditions of qs(h/h*) in the 
"sewing" point permit one to express δ and b2 through b1 as 
 
δ=(1/(3b1))
1/2
        and        b2=2δ/3=(2/3)(1/(3b1))
1/2
  .                                           (27d) 
 
One can theoretically estimate the b1, b2, and δ values from the obvious condition 
qs|h/h*>>1≅1 (Fig.4) or, more specifically, qs|h/h*≅100≅0.99. Then, Eq.(27c) gives b2≅1, 
and from Eq.(27d) b1≅0.15 and δ≅1.5. More accurate estimates of the universal b1, b2, 
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and δ values in the qs presentation (Eq.(27a)-(27c)) can be found from the relevant 
experimental data on the sufficiently large number of different soils. 
Now based on the expression for qs (Eq.(27)) we can construct the single-valued 
expression for the layer crack factor, ql of thickness h. Similar to qs the ql factor is a 
function of the h/h* ratio, similar to qs(h/h*) at h/h*→∞ ql→1 (Fig.4). However, 
unlike qs(h/h*), ql(h/h*)>0 in the 0<h/h*≤1 range (Fig.4) since two layer sizes are 
always much more than h*. In addition, ql(h/h*) in this range cannot be less than 
qs(h'/h*) in the corresponding points, h'/h*=h/h*+1 of the 1≤h'/h*≤2 range (Fig.4), 
because at a given h two layer sizes are much more than corresponding h sizes of the 
cube. On the other hand, in the case of the sample at h'/h*≅1, all three its sizes grow, 
and in the case of the layer at h/h*≅0, only one size (layer thickness) increases. For 
this reason ql(h/h*) should grow in the vicinity of h/h*≅0 no quicker than qs(h'/h*) in 
the vicinity of h'/h*≅1. Thus, we come to the conclusion that ql(h/h*)=qs(h'/h*) at 
0<h/h*<∞ and h'=h+h*. Hence, accounting for Eq.(27) one can write ql as (Fig.4) 
 
ql(h/h*)=b1(h/h*)
2
,          0≤h/h*≤δ                                                                          (28a) 
 
ql(h/h*)=1-b2/(h/h*),       h/h*≥δ                                                                             (28b) 
 
with the same b1, b2, and δ. The experimental validation of assumption 3, i.e., qs 
factor dependence (and hence, ql factor dependence also) with indicated b1, b2, and δ 
on the h/h* ratio (the scale parameter) is regarded in Section 11.3. 
8. Specific soil and crack volumes as functions of initial sample/layer size 
If we know qs(h/h*) (Eq.(27)), Eqs.(14) and (15) at q=qs permit us to find the 
specific crack (Ucr s) and soil (Ys) volume for the sample case (the "s" index) to be 
 
Ucr s(w',h/h*)=qs(h/h*) (Uh-U(w))/K+Us ,    0≤w'≤w'h,    0≤w≤wh,                             (29) 
 
Ys(w',h/h*)=(1-qs(h/h*))U(w)/K+qs(h/h*)Uh/K+Us+Ui,    0≤w'≤w'h,    0≤w≤wh   .    (30) 
 
Similar expressions can be written for the specific crack (Ucr l) and soil (Yl) volumes 
of the layer case (the "l" index) from Eqs.(28), (14) and (15) at h/h*>0 as 
 
Ucr l(w',h/h*)=ql(h/h*) (Uh-U(w))/K+Us ,    0≤w'≤w'h,    0≤w≤wh,                             (31) 
 
Yl(w',h/h*)=(1-ql(h/h*))U(w)/K+ql(h/h*)Uh/K+Us+Ui,    0≤w'≤w'h,    0≤w≤wh,        (32) 
 
(for w', w, and W see Eqs.(6) and (1)). It is worth emphasizing the following 
consequence of Eqs.(27)-(28) and Fig.4: ql(h/h*)≅qs(h/h*) and is close to unity at 
h/h*>10 - 15. That is, the shrinkage curves of a sample (Eq.(30)) and layer (Eq.(32)) 
at such h values are close. The same relates to the specific crack volumes in the 
sample (Eq.(29)) and layer (Eq.(31)). Therefore, to determine the layer shrinkage 
curve (Yl) at layer thickness h/h*>10 - 15 one can conduct the estimates or 
measurements using the samples of the size h/h*>10-15. Thus, Eqs.(27)-(32) 
determine the effect of the initial sample/layer size on the specific crack, sample, and 
layer volume. Note, that by definition of the initial crack volume (Ucr s(w'h)=Ucr 
l(w'h)=Us) and reference shrinkage curve, Yr(W) (Chertkov, 2007a, 2007c), the latter is 
found to be 
 
 12
Yr=Ys-Ucr s+Us=Yl-Ucr l+Us  ,                                                                                      (33) 
 
and does not depend on sample size and shape. 
9. Physical parameters determining the soil shrinkage and cracking  
The specific soil volume, Y(W, h/h*) and specific crack volume, Ucr(W, h/h*) for 
the sample and layer cases are determined by: (i) the initial sample/layer size, h; (ii) 
the critical sample size, h*; and (iii) the basic dependence, Yr(W) of the reference 
shrinkage curve that was considered in Chertkov (2007a, 2007b) including the eight 
physical parameters determining Yr(W): oven-dried specific soil volume (Yrz), 
maximum swelling water content (Wh), mean solid density (ρs); soil clay content (c); 
oven-dried structural porosity (Pz), ratio of aggregate solid mass to solid mass of 
intra-aggregate matrix (K), the lacunar factor (k), and lacunar pore volume in the 
oven-dried state (Ulpz). The general prediction algorithm of the reference shrinkage 
curve, Yr(W) shows that input parameters (Yrz, Wh, ρs, c, Pz, K, k, and Ulpz) permit one 
to find two fundamental clay matrix parameters (for the clay contributing to the soil), 
the relative volumes of clay solids, vs and the oven-dried clay, vz. These parameters 
can also be found independently of the above input parameters from the 
measurements of the clay (Chertkov, 2000b, 2003, 2005a). Thus, instead of Yrz and 
Wh, vs and vz, if they are available, can be used as independent and more fundamental 
input parameters connected with soil structure. Such new parameters as Pz, K, k, and 
Ulpz are considered in more detail below because they can be expressed through more 
customary ones or reduced to elementary parameters of soil structure and texture. 
9.1. Parameter Pz 
Pz can be directly determined from the comparison between the experimental 
aggregate-size distribution and distribution, F(X, Xminz, Xmz, Pz) in the framework of 
the intersecting-surfaces approach (ISA) (Chertkov, 2005b) as 
 
F(X, Xminz, Xmz, Pz)≡F(η, Pz)=(1-Pz
Io(η)/8.4
)/(1-Pz) ,                                                (34) 
 
(Xminz and Xmz are the minimum and maximum aggregate sizes at W≤Wz; Fig.2); 
 
η≡(X-Xminz)/(Xmz-Xminz),    Xminz≤X≤Xmz  ,                                                                  (35) 
 
Io(η)=ln(6) (4η)
4
 exp(-4η) .                                                                                       (36) 
 
Still another way is also possible. If the reference shrinkage curve has a horizontal 
part at W>Wh, (Fig.2), its size along the water content axis, ∆W=ρwUs determines the 
specific volume of structural pores, Us (Fig.2). Pz can be found to be Pz=Us/Yrz. Note 
also that Pz can be replaced with the structural porosity at W=Wh, Ph=Us/Yh (see Yh in 
Fig.2) since they are connected (Chertkov, 2007b, 2008b). 
9.2. Parameter k 
To find c* in the calculation of the lacunar factor, k(c/c*) (section 5) one needs to 
know vs, vz, and the porosity, p of contributive silt and sand grains when they are in 
the state of (imagined) contact (Chertkov, 2007a). Analogously to structural porosity, 
Pz, p can be directly estimated from the comparison between the experimental size 
distribution of contributive silt and sand grains and the distribution, f(x, xmin, xm, p) 
(xmin and xm are minimum and maximum grain size) in the frame of the intersecting-
surfaces approach (ISA) (Chertkov, 2005b) (cf. Eqs.(34)-(36) with replacement: F→f, 
X→x; Pz→p; Xminz→xmin; Xmz→xm) as 
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f(x, xmin, xm, p)≡f(η, p)=(1-p
Io(η)/8.4
)/(1-p) ,                                                              (37) 
 
η≡(x-xmin)/(xm-xmin),    xmin≤x≤xm ,                                                                             (38) 
 
and Io(η) from Eq.(36). Still another way to estimate p is as follows. One finds the η 
value corresponding to the maximum silt grains, x=xsilt≅50µm at xmin≅2µm as 
 
ηsilt=48/(xm-2)  .                                                                                                         (39) 
 
Then, the fraction of the silt grains among all silt and sand grains, fsilt is found to be 
 
fsilt=(1-p
Io(ηsilt)/8.4
)/(1-p)  .                                                                                         (40) 
 
Equation (40) determines the p value at a given fsilt and maximal sand grain size, xm. 
9.3. Parameter K 
The calculation of the K ratio was considered in Chertkov (2008b). It is conducted 
based on the above indicated data set, Yrz, Wh, ρs, c, Pz, k, and Ulpz (but without K) and 
two parameters characterizing the soil structure, Xmz (the maximum aggregate size in 
the oven-dried state) and texture, xn (the mean size of soil solids: clay particles, silt, 
and sand grains; xn≅Xminz). Xmz and xn are found from the granulometric analysis of 
aggregates and soil solids, respectively. 
9.4. Parameter Ulpz 
The specific lacunar pore volume in the oven-dried soil, Ulpz can be replaced by a 
similar value at maximum swelling, Ulph (Fig.2) (Chertkov, 2007c, 2010b) as 
Ulph=Ulpz-k(1-uS)(vh-vz)/(ρsus). In turn, Ulph is determined through the displacement of 
the true saturation line relative to the pseudo saturation line along the water content 
axis (Fig.2) as Ulph=(Wh
*
-Wh)/ρw=(Wm
*
-Wm)/ρw where Wm=Wh+Usρw, and Wh
*
 is 
determined from Uah=1/ρs+Wh
*
/ρw because point (Wh
*
, Uah) should lie on the true 
saturation line (Fig.2), and Wm
*
 is determined from Yh=1/ρs+Wm
*
/ρw because the 
(Wm
*
, Yh) point should also lie on the true saturation line (Fig.2). 
Thus, at the calculations of Yr(W) with the above indicated data set (Yrz, Wh, ρs, c, 
Pz, K, k, Ulpz or vs, vz, ρs, c, Ph, K, k, Ulph), one can use the minimum and maximum 
aggregate sizes, Xminz (≅xn) and Xmz, as the basic parameters instead of K, porosity p 
instead of k, and the specific soil volume at maximum swelling, Yh instead of Ulpz (or 
Ulph). The parameters, Xminz, Xmz, p, and Yh are obviously customary values. 
Note that in order to calculate the critical sample size h* one needs parameters Pz, 
Xminz, Xmz (Eqs.(23)-(26a)) that have already entered the final data set. Thus, this final 
data set includes ten physical parameters: vs, vz (or Yrz, Wh), ρs, c, Pz (or Ph), Yh, p, 
Xminz (≅xn), Xmz, h. In the case of sufficiently high clay content, c≥c*  porosity p is not 
needed because k=0 and Yh is not needed because Ulpz=Ulph=0 (Chertkov, 2007a). 
That is, at c≥c* one needs eight parameters: vs, vz, ρs, c, Pz, Xminz, Xmz, h. When using 
the presentation of the shrinkage curve in coordinates of moisture ratio – void ratio 
instead of W – Y, we do not need the ρs parameter, and the input data set of the 
physical parameters is reduced to nine and seven at c<c* and c≥c*, respectively. The 
ten parameters can be divided into three groups by their physical meaning: (i) intra-
aggregate parameters that characterize the internal structure of aggregates, vs, vz, ρs, c, 
p; (ii) inter-aggregate parameters that characterize the soil as a whole, accounting for 
its aggregate structure (aggregate-size distribution), Pz, Yh, Xminz, Xmz; and (iii) initial 
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sample size or layer thickness, h of a given soil (h can be of any value; the only 
limitation being the homogeneous water content within the sample or layer volume) at 
the chosen sample shape (approximately cubic or cylinder samples at W=Wh). 
10. Data used 
Many works containing different experimental data on soil shrinkage, cracking, 
and shrinkage curves are available in the literature. However, these works all have 
different aims. For this reason the data are very limited that are relevant to the 
validation of the approach which permits the physical prediction of the soil shrinkage 
curve. We could not find such data directly relating to the soil layer case. Fortunately, 
the results for this case in a single-valued manner follow from those for the sample 
case (Section 7). In turn, the data for the sample case should meet a number of 
conditions that flow out of the approach. According to the first condition, the 
measurements of the soil shrinkage curve should be conducted on samples of, at least, 
two different sizes. We could only find four such works (Yule and Ritchie, 1980a, 
1980b; Crescimanno and Provenzano, 1999; Cornelis et al., 2006). Further, the h sizes 
of smaller and larger samples should meet the additional condition: h<h* and h>h*, 
respectively. Accounting for the preliminary estimates of the critical sample size, 
h*≅2-5cm (Section 6; Table 1), the sizes of smaller samples should be h<2-5cm and 
those of larger samples, h>5cm. "Small" samples from Yule and Ritchie (1980a) do 
not meet this condition (their size was ∼10cm). In addition, for dependable checking it 
is very desirable that the larger sample size be at least twice as large as the smaller 
one. Samples from Cornelis et al. (2006) do not meet this condition (the smaller 
samples are ∼3-3.6cm and larger ones are ∼4.6cm). Finally, according to the obvious 
condition, the aggregate structure of the small and large soil samples should be similar 
(i.e., the aggregate-size distributions should be similar). Samples from Cornelis et al. 
(2006) do not meet this condition either since the smaller samples were prepared with 
preliminary soil destruction and sieving. As a result, only data relating to the four 
soils from Crescimanno and Provenzano (1999) were more or less suitable for our 
aims (these authors consider more soils, but only give the shrinkage curve data for the 
four soils). The primary experimental data that we used, included the numerical data 
on: (i) clay (c), silt (s1), and sand content (s2) (Table 2); (ii) volume of small samples 
(clods) - 20-30cm
3
; (iii) sizes of large samples (cores) - height, 11.5cm and diameter, 
8.5cm; and graphical data presented by (i) experimental points in Figs.5-8 for the clod 
shrinkage curve (white circles) and core shrinkage curve (black circles) as well as (ii) 
position of the saturation line in Figs.5-8. 
11. Data analysis in the sample case 
11.1. Estimating some soil structure characteristics from small-sample data 
The integrated approach permits the physical prediction (i.e., without fitting) of 
both the reference shrinkage curve, Yr(W) and shrinkage curve of large samples with 
cracks, Ys(W). However, for such a prediction one needs to know a number of soil 
structure characteristics (section 9). Not all of them are available in Crescimanno and 
Provenzano (1999). To compensate for this drawback we used in this section the 
experimental data on small-sample shrinkage curves in Figs.5-8 (white circles). 
Table 2, in addition to the primary data, shows all the input parameter values that 
are necessary for the prediction, except for K and k. The Yrz value in Table 2 for each 
soil is the average on the experimental values at W=0 (the white circles in Figs.5-8); 
Wh is the maximum experimental W value (the white circles in Figs.5-8); the mean 
solid density, ρs is determined by the intersection point position of the saturation line 
and specific volume axis in Figs.5-8; clay content, c enters the primary data (Table 2); 
the structural porosity, Pz=0 for all soils under consideration since the experimental 
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shrinkage curves (Figs.5-8, the white circles) do not have the horizontal part at the 
intersection with the saturation line (see section 9; cf. Fig.2 at Us=0); the lacunar pore 
volume at maximum swelling, Ulph=0 for all four soils (cf. Fig.2) since the 
experimental points at W=Wh for the soils are on the saturation line (see Figs.5-8, the 
white circles). Note that the above input parameters (Table 2) were estimated without 
any using of the data (white circles) at 0<W<Wh. 
Using recent results (Chertkov, 2008b, 2010b), we intend to estimate the 
aggregate/intra-aggregate mass ratio, K and the lacunar factor, k for the above four 
soils based on the more fundamental parameters of the soil texture and structure (cf. 
section 9). However, it is these texture and structure parameters that are absent from 
the data on the above four soils. Nevertheless, let us assume for a moment that the 
maximum aggregate size in the oven-dried state, Xmz and maximum sand grain size, 
xm are known. The general algorithm of the K and k estimation in such a case is given 
in the Appendix. The algorithm relies on the primary data and input parameters from 
Table 2 as well as the Xmz and xm values, and combines the results from Chertkov 
(2007a, 2007c, 2008b, 2010b). Then, according to Chertkov (2007a, 2007c) the input 
parameters (Table 2) and the K and k values found allow one to physically predict the 
reference shrinkage curve. However, since Xmz and xm are in fact not known, we 
modified the indicated prediction procedure of the reference shrinkage curves of the 
four soils as follows. For a given soil we used the prediction from Appendix for a set 
of possible pairs of the Xmz and xm values (see below) and found the corresponding set 
of the K and k pair values and the set of corresponding reference shrinkage curves. 
Then, based on some criteria (see below) we selected for each soil a much narrower 
range of Xmz and xm values, a corresponding much narrower range of the K and k 
values, and a single-valued reference shrinkage curve. In other words, using (i) the 
general algorithm of the K and k estimation (see Appendix); (ii) prediction of the 
reference shrinkage curve at given K and k (Chertkov, 2007a, 2007c); and (iii) the 
data on the reference shrinkage curves (Crescimanno and Provenzano, 1999) (Figs.5-
8, the white circles), we showed that for the Xmz and xm values and together with them 
for K and k of each soil one can find such small ranges that the inaccuracy of K and k 
practically does not influence the corresponding reference shrinkage curve. Below, 
this analysis and its results are described in more detail in a number of points. 
1. The maximum sand grain size, xm and maximum aggregate size in the oven-dried 
state, Xmz should satisfy two conditions (0.05mm is the maximum silt grain size) as 
 
xm>0.05mm,             Xmz>xm                                                                                      (41) 
 
2. The direct calculation for each soil using the algorithm from the Appendix shows 
that at sufficiently small xm in a range, 0.05mm<xm<xm min there is no solution of 
Eq.(A14) (see the Appendix) for the relative volume vz of the contributive clay in the 
oven-dried state, and there are no corresponding values of the critical clay content, c* 
and lacunar factor, k at any possible Xmz value from Eq.(41). The solution for vz (and 
corresponding c* and k values) only appear at xm>xm min and at the sufficiently large 
Xmz values from Eq.(41) (for these Xmz see point 6 below). That is, for each soil at 
given primary data and input parameters from Table 2, only the xm values from the 
range, xm>xm min>0.05mm can be physically realized. This lower border, xm min of the 
physically possible xm range for each soil is indicated in Table 3. 
3. A similar direct calculation for each soil shows that with the xm increase in the 
above physically realized range (at given data and parameters from Table 2) and at 
sufficiently large Xmz from Eq.(41), the p porosity of the contributive silt and sand 
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grains in the imagined contact state (see section 9 and Appendix) decreases, and at 
sufficiently large xm becomes unreasonably small (p<0.1) for a silt-sand mixture. 
Thus, the natural condition, p>0.1 determines the upper border, xm=xm max of the 
physically possible xm range for each soil from Table 2. The upper border, xm max of 
the physically possible xm range for each soil is also indicated in Table 3. 
4. The statements in points 2 and 3 determine for each soil the relatively narrow 
range, 0.05mm<xm min<xm<xm max (Table 3) and corresponding range for the p porosity 
(Table 3). This narrow range of xm is only determined by general physical 
considerations (see points 1-3) as well as data and parameters from Table 2, but not 
the experimental points in Figs.1-4 (white circles) at 0<W<Wh. Table 3 also shows the 
range of the mean soil-solids size, xn (Eq.(A6)). Note that xn≅Xminz (Chertkov, 2008b). 
5. If the xm value is in a small part of the physical range, xm min<xm<xm max, namely in 
the small vicinity of xm min, Eq.(A14) from the Appendix (at data and parameters from 
Table 2) provides two solutions for vz and two corresponding values for c* and k. One 
solution corresponds to k=0 and c≥c*, and another to 0<k<1 and c<c*. Of course, for 
each soil only one of two possibilities is realized (see point 6). Note that the p porosity 
(Table 3) only influences the lacunar factor, k if 0<k<1 (Chertkov, 2007c). 
6. To estimate for each soil the Xmz values at xm min<xm<xm max we used the data from 
Figs.5-8 (white circles) at 0<W<Wh and the least-square criterion as follows. For a 
value set of Xmz>xm and xm min<xm<xm max we estimated K (see Appendix) at data and 
parameters from Table 2. Then for each pair, K, k (k was found earlier) we found the 
reference shrinkage curve, Yr(W) as in Chertkov (2007a, 2007c) and the sum of 
squares, Σ of the differences between the experimental values Yre (white circles in 
Figs.5-8) and the corresponding theoretical Yr(We) values. The variation of Xmz>xm at 
xm min<xm<xm max allowed for the estimation of some Xmz range (see Table 3) and the 
corresponding range of K (Table 3) where Σ stays constant and minimum, Σ=Σmin. 
The corresponding goodness of fit, r
2
Yr ≅0.95-0.99 (see the captions of Figs.5-8). In 
particular, for all xm for which both k=0 and k>0 are possible (see the above point 5), 
the case of k>0 for each soil gives the larger Σ value than Σmin. This result of the k 
value choice relates to the soils under consideration with Ulph=0 (Table 2). For soils 
with Ulph>0 the choice of k>0 would be preferable. The ranges obtained for Xmz and K 
(Table 3) are quite reasonable from the viewpoint of usually observed values. Figures 
5-8 show the found reference shrinkage curves, Yr(W) of the four soils. The particular 
values of xm, Xmz and K relating to the narrow ranges in Table 3 are indicated in the 
figure captions (k=0). 
7. Using Σmin one can estimate the standard deviation, σYr (Hamilton, 1964) of the 
experimental specific soil volume Yre values (Figs.1-4) as σYr=(Σmin/(N-1))
1/2
 where N 
being the number of experimental points (see σYr in the captions of Figs.5-8). It should 
be noted that σYr≅δYre where δYre is the direct estimate of the standard error by the 
spread of the experimental points at a given water content in Figs.5-8. 
Table 4 shows the values of all the intermediate soil characteristics that participate 
in the K and k calculation according to the general algorithm (see the Appendix) at 
Xmz and xm indicated in captions of Figs.5-8. It is worth reiterating that with available 
texture and structure data (xm, Xmz), the K and k soil property estimation and then the 
reference shrinkage curve estimation could be conducted simpler (see the Appendix) 
and independently of the experimental data in Figs.5-8 (white circles) at 0<W<Wh. 
11.2. Estimates of the critical sample size (h*) 
First, using Eq.(A6) we find the mean soil-solids size, xn of the soils. The xn size 
approximately coincides with the minimum aggregate size in the oven-dried state 
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(Xminz) and at maximum swelling (Xmin) (Chertkov, 2008b). The estimated Xmin values 
are indicated in Table 5. Then, the values of xn≅Xmin (Table 5), Xmz (Table 5), uz and 
uh (Table 4) for the soils determine their maximum aggregate size at maximum 
swelling, Xm as (Chertkov, 2008b) 
 
Xm=xn+(Xmz-xn)(uh/uz)
1/3
 .                                                                                           (42) 
 
The Xmin and Xm values (Table 5) permit the calculation of the mean distances, lmin 
and lm between the smallest and largest aggregates, respectively, in the soils 
(Eqs.(23)-(24); Table 5). The estimated critical sample size, h* (Eqs.(25)-(26a)) is 
also given in Table 5 and used in the following section. The h* estimates for real soils 
from Crescimanno and Provenzano (1999) confirm the estimate values from Table 1. 
11.3. Analysis of large-sample data 
The specific volumes, Ys(W) and Yr(W) (Eq.(33)) are linked as 
 
Ys(W)=Yr(W)+Ucr s(W)-Us .                                                                                         (43) 
 
Combining Yr(W)=U(W)/K+Ui+Us (Chertkov, 2007a) and Eq.(29) one can also 
express the specific crack volume of the sample, Ucr s(W) through the sample crack 
factor qs(h/h*), Yr(W), and the constant (for the soil) values, Us, Ui, Uh as 
 
Ucr s(W)=-qsYr(W)+qs(Uh/K+Us+Ui)+Us=-qsYr(W)+qsYrh+Us  .                                  (44) 
 
The first aim of the section is to validate assumption 1 (Eq.(12) and the end of section 
3), that is, to check the feasibility of the above Ys presentation (Eqs.(43) and (44)) as a 
function of W through the constant qs factor at h/h*>1. We are based on the data on 
four soils from Crescimanno and Provenzano (1999), obtained using the large samples 
(cores of size h=11.5cm at h* from Table 5) and presented in Figs.5-8 by black 
circles. The Uh, Ui (Table 4), and K values (see the captions to Figs.5-8) as well as the 
Yr(W) dependence (the lower solid curve in Figs.5-8) for the soils were found above 
(for all the soils Us=0). To present the experimental data for each soil (black circles in 
Figs.5-8) using the Ys(W) dependence from Eqs.(43)-(44), we took advantage of the 
least-square criterion and found the best-fit qs values (Table 6). Figures 5-8 show by 
the upper solid lines the found shrinkage curves, Ys(W) of large samples. The 
goodness of fit, r
2
Ys varies between 0.77 and 0.98 for the four soils, and the estimate 
σYs of the standard deviation of the experimental values of Ys (black circles in Figs.5-
8) varies between 0.0138 and 0.0170 dm
3
kg
-1
 (for the exact r
2
Ys and σYs values see the 
captions of Figs.5-8). The slopes, S of the shrinkage curves, Ys(W) in the basic 
shrinkage range (i.e., at Wn≤W≤Ws in Figs.5-8), were found at k=0 and qs from Table 
6 (see Eq.(17)) and are also given in Table 6. 
The following specification should be noted. The data (black circles) in Figs.6-8 
contain points that lie on the saturation line at W>Wh. The "shrinkage" along the 
saturation line corresponds to possible closing of the water filled capillary cracks 
between aggregates at drying, but not to inter-aggregate macro-cracking (Chertkov 
and Ravina, 2001). For this reason in the above fitting the only experimental points 
(black circles in Figs.5-8) that were used were those that lie at W≤Wh. 
Note that the above standard deviations, σYs coincide by the order of magnitude 
with the immediate estimates of experimental errors, δYse from the spread of the 
experimental points (black circles) in Figs.5-8. Therefore, each fitted curve lies within 
the limits of the experimental errors of the Yse values. That is, the found shrinkage 
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curves with cracks, Ys(W) are in agreement with the experimental data not only from 
the viewpoint of the fitting criterion (connected with the r
2
Ys values), but also from the 
viewpoint of the standard physical criterion (the predicted curve is within the limits of 
experimental errors). This sufficiently good agreement speaking in favor of the 
feasibility of the crack factor concept and its independence from the water content 
(assumption 1) takes place despite the quite large spread of the experimental points 
(black circles in Fig.5-8). In addition to the mean qs values (Table 6) we estimated 
their standard errors, both positive, δqs+ and negative, δqs- (Table 6). To this end we 
estimated the best-fit qs values for the experimental Ys points (black circles in Figs.5-
8) after their displacement up and down by the above found standard deviation, σYs. 
The δqs+ and δqs- values will be used below. Finally, note that according to Eq.(43) (at 
Us=0) the difference between the Ys(W,h/h*) and Yr(W) curves in Figs.5-8 gives the 
specific crack volume Ucr s(W,h/h*) for the large soil samples (cores)  
The second aim of this section is to validate assumption 2 (Eq.(26a)) and 
assumption 3 (Eqs.(27) with the indicated b1, b2, and δ values), that is, to check (using 
the available limited data) the presentation feasibility of the sample crack factor, qs as 
a function of the relative sample size, h/h* (Eqs.(27a-d)). We used the four points in 
coordinates (h/h*, qs) (Table 6; Fig.9) estimated above for the four soils at h=11.5cm, 
and the standard-error estimates, δqs+ and δqs- of qs (Table 6 and vertical bars in 
Fig.9). The qs(h/h*) dependence (Eq.(27)) at the theoretical values, b1=0.15, b2=1, 
δ=1.5 is shown in Fig.9 by the solid line. One can see that the deflection between the 
theoretical qs(h/h*) curve and (h/h*, qs) points found for the four soils is within the 
limits of the two standard errors. Hence, from the viewpoint of the standard physical 
criterion the theoretical qs(h/h*) curve does not contradict the available data from 
Crescimanno and Provenzano (1999). Evaluating the results of the qs(h/h*) curve (and 
correspondingly assumptions 2 and 3) validation one should take into account the 
following error sources: (i) uncertainties in h (δh=3cm=11.5-8.5 cm) and h* (the 10
3
 
coefficient in Eq.(26a)); (ii) uncertainties in qs (the vertical bars in Fig.9); (iii) the 
small number of soils and corresponding small number of points in Fig.9. 
Uncertainties in h can be essentially decreased using cores of similar height and 
diameter. Uncertainties in h* can be essentially decreased using the immediately 
measured characteristic Xm and xm sizes. Uncertainties in qs can be essentially 
decreased using the more accurate data on the shrinkage of large samples. The 
number of soils used in the estimation can be obviously increased with time. 
However, in spite of these error sources, as said, the above comparison (Fig.9) is quite 
satisfactory. The accumulation of relevant data on many soils will enable one to 
additionally specify b1 in Eq.(27b) (b2 and δ depend on b1) and the coefficient (close 
to 10
3
) in Eq.(26a) as universal parameters. Thus, one can preliminarily state that the 
above results show evidence in favor of assumptions 2 and 3 for the sample case, 
although additional checking and specification are desirable. According to Eq.(28) we 
can use the corresponding universal theoretical dependence, ql(h/h*) for the layer case 
with the same b1, b2, and δ (see dashed line in Fig.4). The illustrative examples of the 
layer shrinkage curves, Yl(W) predicted for two different layer thicknesses h<h* and 
h>h* (for h* see Table 5) are shown in Figs.6 and 7 for Delia 2a and Delia 4 soils. 
12. Results and discussion 
The theoretical results are as follows. (i) New concepts of the lacunar factor (k), 
crack factor (q), and critical sample size (h*) were introduced. (ii) The expression for 
h* through parameters of aggregate-size distribution was derived. (iii) The 
expressions qs(h/h*) and ql(h/h*) were derived for the crack factors in the case of 
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sample (qs) and layer (ql) shrinkage (h being the initial sample size or layer thickness). 
(iv) The expression for the lacunar factor k through clay content (Chertkov, 2010b) 
was generalized to the case of shrinkage with cracking. (v) Based on the reference 
shrinkage curve of the soil, Yr(W) as well as the expressions of qs and ql, there were 
found the expressions for the shrinkage curves of the sample of a given size, Ys(W, 
h/h*) and layer of a given thickness, Yl(W, h/h*), accounting for the crack volume for 
these cases, Ucr s(W, h/h*) and Ucr l(W, h/h*). 
The results of the new concepts validation are as follows 
(i) The estimates of texture and structure characteristics. Besides the direct 
measurements of xm and Xmz characteristics, they can be sufficiently accurately 
estimated by the method stated in section 11.1, simultaneously with the estimates of 
the K ratio and lacunar factor, k, even at an essential spread of the experimental 
shrinkage curve points. The physically reasonable xm, Xmz, K, and k values in Table 3 
and the above use of these values evidence in favor of the statement. 
(ii) The prediction of the critical sample size through soil texture and structure. The 
estimation of the critical sample size (Section 11.2) for the soils from Crescimanno 
and Provenzano (1999), showed the physically reasonable estimates of h* (Table 5) 
that are close to the theoretical ones (Table 1). The estimates of the lmin/Xmin and lm/Xm 
ratios for the real soils (Table 5) also confirm the theoretical estimates (Table 1). 
(iii) Presentation of the shrinkage curve and crack volume through the crack factor. 
Section 11.3 shows evidence in favor of the feasibility of the shrinkage curve 
(Eq.(43)) and specific crack volume (Eq.(44)) presentation through the q factor that 
does not depend on water content for both samples and layers. 
(iv) Presentation of the crack factor through the relative sample size/layer thickness. 
Section 11.3 also shows evidences in favor of the feasibility of the sample crack factor 
presentation (Eq.(27)) through the h/h* ratio, and, taking into account the relation 
between qs and ql, the same relates to the layer crack factor (Eq.(28)). 
Thus, the approach taking into account the sample size/layer thickness as well as 
soil texture and structure at shrinkage and cracking prediction, permits one to 
introduce corresponding soil features as physical ones. The h size is taken into 
account immediately through the h/h* ratio as an argument of the crack factor, q. The 
soil texture and structure influence the shrinkage curve and crack volume at drying 
through: (i) the K ratio dependence on xn≅Xmin, Xm, and aggregate-size distribution 
(Chertkov, 2008b), (ii) the lacunar k factor dependence on the c/c* ratio (in turn, c* 
depends on p, vs, and vz) (Chertkov, 2010b), and (iii) the critical size h* dependence 
on xn≅Xmin, Xm, and aggregate-size distribution (Section 6). 
13. Conclusion 
In connection with the physical description of shrinkage and cracking of soil 
samples (layers) of different size, texture, and structure, the concepts of the critical 
sample size, lacunar factor, and crack factor were introduced. The results of the 
present work give a primary experimental confirmation of the concepts' feasibility. 
This confirmation is reached by the analysis of the relevant data (Crescimanno and 
Provenzano, 1999) on the shrinkage curves of four soils, using "small" and "large" 
samples. Thereby, the recently introduced model of the intra-aggregate soil structure 
(Chertkov, 2007a, 2007c, 2008a) that underlies the approach under consideration, is 
also additionally confirmed. The limitedness of the experimental data that are relevant 
to the aims of this work is evident. For this reason additional experimental checking is 
desirable. Nonetheless, the results of the above analysis are promising. Implying the 
hydrological applications of the obtained results, it is worth noting the necessity of the 
additional generalization of the above new concepts to the swelling case (beyond the 
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scope of this work), to physically and quantitatively model non-total crack closing at 
the following swelling and the maximum-swelling-volume decrease after a shrink-
swell cycle at the seasonal shrink-swell rotation. 
Appendix: General algorithm of the K and k estimation 
The necessary soil features to find K and k are characterized by parameters from 
Table 2 as well as Xmz and xm. First, one finds the K ratio. 
(1) The input parameters (Table 2) successively give (Chertkov, 2007a, 2007c) (for 
value meaning see Notation): 
 
us=1/(1+2ρsWh) ,                                                                                                      (A1) 
 
ulph=Ulphusρs ,                                                                                                            (A2) 
 
uh=0.5(1+us)+ulph ,                                                                                                    (A3) 
 
Uh=uh/(usρs) ,                                                                                                             (A4) 
 
Us=PzYrz .                                                                                                                  (A5) 
 
(2) Using the primary textural data (Table 2) and taking clay particles in the size 
range, x≤0.002 mm, silt grains in the size range, 0.002<x≤0.050 mm, and sand grains 
in the size range, 0.050<x≤xm, one estimates the mean soil solids size, xn (mm) to be 
 
xn=0.001c+0.026s1+(0.025+xm/2)s2 .                                                                        (A6) 
 
(3) The found parameters, us (Eq.(A1)), uh (Eq.(A3)), Uh (Eq.(A4)), Us (Eq.(A5)), 
together with parameters from Table 2 (Yrz, ρs, and Pz) as well as xn (Eq.(A6)) and 
Xmz, enable one to solve the non-linear equation for K (Chertkov, 2008b) with any 
accuracy. 
Then one finds the k factor. 
(4) The parameters from Table 2 (c, Yrz, ρs), the found us (Eq.(A1)), Uh (Eq.(A4)), Us 
(Eq.(A5)) values as well as the found K value successively give (Chertkov, 2007a, 
2007c) parameters that enter the equation eventually determining k (see below; for 
value meaning see Notation): 
 
uS=us(1-c) ,                                                                                                                (A7) 
 
vs=(us-uS)/(1-uS) ,                                                                                                      (A8) 
 
vh=0.5(1+vs) ,                                                                                                            (A9) 
 
Ui=Uh(1-1/K) ,                                                                                                         (A10) 
 
uz=(Yrz-Ui-Us)Kusρs .                                                                                               (A11) 
 
(5) Porosity p of contributive silt and sand grains in the state of imagined contact (that 
enter the equation eventually determining k) is found as the solution of Eq.(40) with 
taking into account Eqs.(36) and (39) as well as the fsilt estimate as 
 
fsilt=s1/(s1+s2) .                                                                                                         (A12) 
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(6) k is found from Eq.(19) (accounting for k(c/c*)=0 at 1≤c/c*<1/c*) and c* from 
Eq.(18). On the other hand, the relative clay volume in the oven-dried state, vz can be 
written as (Chertkov, 2007c) 
 
vz=(uz-uS-ulph)/(1-uS)-k(vh-vz) .                                                                                (A13) 
 
Replacing here k with k(c/c*(vz)) from Eqs.(19) and (18) and denoting after that the 
right part of Eq.(A13) by vz
'
(vz), we come to the non-linear equation relative to vz as 
 
vz=vz
'
(vz) .                                                                                                                (A14) 
 
This equation is solved numerically (at found uz, us, ulph, uS, vh, vs, and p). Then the 
found vz value gives c*(vz) (Eq.(18)) and k (Eq.(19)). The numerical analysis shows 
that the solution of Eq.(A14) at given primary and input parameters (see Table 2) 
exists not for any possible Xmz and xm values (i.e., not for any possible structure and 
texture). The analysis and its results are considered in Section 11.1. Finally, it is worth 
emphasizing that the above algorithm is relevant to the general situation with Pz≠0 
and Ulph≠0, unlike the particular situation we deal with in the data analysis (see Table 
2) in the force of the limitations of relevant available data. 
 
Notation 
b1, b2 coefficients in Eqs.(27) and (28) (dimensionless) 
c, c* clay content and critical clay content (dimensionless) 
F(X) cumulative aggregate-size distribution (dimensionless) 
f(x) silt and sand grain-size distribution (dimensionless) 
fsilt f value at η=ηsilt (Eq.(40)) (dimensionless) 
h initial sample size or layer thickness at maximum swelling (cm) 
h*o rough approximation of the critical sample size at maximum swelling, h* (cm) 
Io(η) function from Eq.(36) (dimensionless) 
K ratio of aggregate solid mass to that of intra-aggregate matrix (dimensionless) 
k lacunar factor (dimensionless) 
l mean distance between the aggregates of size X (lm at Xm, lmin at Xmin) (mm) 
Ph inter-aggregate porosity at maximum swelling (dimensionless) 
p porosity of contacting silt and sand grains (dimensionless) 
q crack factor of sample (qs) or layer (ql) (dimensionless) 
r
2
Yr goodness of fit of Yr(W) at Xmz variation (dimensionless) 
r
2
Ys goodness of fit of Ys(W) at q variation (dimensionless) 
S, Sr shrinkage or reference shrinkage curve slope in the basic range (dm
3
 kg
-1
) 
s1, s2 silt and sand content (dimensionless) 
U(w) specific volume of intra-aggregate matrix per unit mass of the oven-dried 
matrix itself (dm
3
 kg
-1
) 
Uh, Uz U value at maximum swelling and shrinkage limit (Fig.2) (dm
3
 kg
-1
) 
Ua(w') specific volume of aggregates (per unit mass of the oven-dried soil) (dm
3
 kg
-1
) 
Uah, Uaz Ua value at maximum swelling and shrinkage limit (Fig.2) (dm
3
 kg
-1
) 
Ucp(w) similar to U'cp(w'), but related to the unit mass of the oven-dried intra-
aggregate matrix itself (dm
3
 kg
-1
) 
Ucr(w') specific volume of cracks (per unit mass of the oven-dried soil) (dm
3
 kg
-1
) 
Ucr s, Ucr l specific crack volume of sample or layer (dm
3
 kg
-1
) 
Ucs similar to U'cs, but related to the unit mass of the oven-dried intra-aggregate 
matrix itself (Ucs≡1/ρs) (dm
3
 kg
-1
) 
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Ui specific volume of interface layer per unit mass of the oven-dried soil (dm
3
 kg
-1
) 
Ulp(w) similar to U'lp(w'), but related to unit mass of the oven-dried intra-aggregate 
matrix itself (dm
3
 kg
-1
) 
Ulph specific lacunar pore volume at maximum swelling (dm
3
 kg
-1
) 
Ulpz specific lacunar pore volume at shrinkage limit (dm
3
 kg
-1
) 
Us specific volume of structural pores per unit mass of the oven-dried soil (dm
3
 kg
-1
) 
U'(w') specific volume of intra-aggregate matrix (per unit mass of the oven-dried 
soil) (dm
3
 kg
-1
) 
U'cp(w') specific volume of clay pores of intra-aggregate matrix (per unit mass 
of the oven-dried soil) (dm
3
 kg
-1
) 
U'cs specific volume of solids of intra-aggregate matrix (per unit mass of the oven-
dried soil) (dm
3
 kg
-1
) 
U'lp(w') specific volume of lacunar pores of intra-aggregate matrix (per unit 
mass of the oven-dried soil) (dm
3
 kg
-1
) 
uh, uz relative volume of an intra-aggregate matrix at maximum swelling and 
shrinkage limit (dimensionless) 
ulph relative volume of lacunar pores in the intra-aggregate matrix at maximum 
swelling (dimensionless) 
uS, us relative volume of non-clay solids and all solids of an intra-aggregate matrix 
(dimensionless) 
vh, vz relative volume of clay at maximum swelling and shrinkage limit 
(dimensionless) 
vs relative volume of clay solids (dimensionless) 
W gravimetric water content of soil (kg kg
-1
) 
Wm, Wh, Ws, Wn, Wz W value at filling of the structural pores, maximum swelling, 
end point of structural shrinkage, end point of basic shrinkage, and shrinkage 
limit (kg kg
-1
) 
Wh
*
, Wm
*
 water content corresponding to the Ua=Uah and Y=Yh value on the true 
saturation line in Fig.2 (kg kg
-1
) 
w the water content of the intra-aggregate matrix per unit mass of the oven-dried 
matrix itself (kg kg
-1
) 
wn, wz w value at air-entry point and at shrinkage limit (Fig.2) (kg kg
-1
) 
w' water content of intra-aggregate matrix (per unit mass of the oven-dried soil) 
(kg kg
-1
) 
w'h w' value at maximum swelling (kg kg
-1
) 
X aggregate size (mm) 
Xm, Xmin maximum and minimum aggregate size at maximum swelling (mm) 
xm, xmin  maximum and minimum grain size (µm or mm) 
xn mean soil-solids size (µm or mm) 
xm max, xm min upper and lower border of the xm values in Table 3 (mm) 
Y specific volume of the soil with cracks (dm
3
 kg
-1
) 
Yh specific soil volume at maximum swelling (dm
3
 kg
-1
) 
Yl, Ys specific soil volume in case of layer and sample (dm
3
 kg
-1
) 
Yr(w') reference shrinkage curve (dm
3
 kg
-1
) 
Yre experimental values of the reference shrinkage curve, Yr(W) (dm
3
 kg
-1
) 
Yrz oven-dried specific volume of soil without cracks (dm
3
 kg
-1
) 
Yse experimental values of the sample shrinkage curve, Ys(W) (dm
3
 kg
-1
) 
∆X range of aggregate sizes (mm) 
δ constant in Eqs.(27) and (28) (dimensionless) 
δqs+, δqs- positive and negative standard deviations of qs values (dimensionless) 
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δYre, δYse experimental errors of the Yre and Yse values (dm
3
 kg
-1
) 
η parameter from Eqs.(36) and (38) (dimensionless) 
ηsilt parameter from Eq.(39) (dimensionless) 
ρs, ρw mean solid density and density of water (kg dm
-1
) 
σYr, σYs standard deviation of Yre and Yse values (dm
3
 kg
-1
) 
ω(w') water content of interface layer (per unit mass of the oven-dried soil) (kg kg
-1
) 
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Figure captions 
Fig.1. The schematic illustration of the accepted soil structure (Chertkov, 2007a, 
2007c). Shown are (1) an assembly of many soil aggregates and inter-aggregate pores 
contributing to the specific soil volume, Y; (2) an aggregate, as a whole, contributing 
to the specific volume Ua=Ui+U'; (3) an aggregate indicated with two parts: (3a) 
interface layer contributing to the specific volume Ui and (3b) intra-aggregate matrix 
contributing to the specific volumes U and U'=U/K; (4) an aggregate indicated with 
the intra-aggregate structure: (4a) clay, (4b) silt and sand grains, and (4c) lacunar 
pores; and (5) an inter-aggregate pore leading, at shrinkage, to inter-aggregate crack 
contributing to the specific volume Ucr. U is the specific volume of the intra-aggregate 
matrix (per unit mass of the oven-dried matrix itself). U' is the specific volume of the 
intra-aggregate matrix (per unit mass of the oven-dried soil). Ui is the specific volume 
of the interface layer (per unit mass of the oven-dried soil). Ucr is the specific volume 
of cracks (per unit mass of the oven-dried soil). Ua is the specific volume of 
aggregates (per unit mass of the oven-dried soil). K is the aggregate/intra-aggregate 
mass ratio. 
Fig.2. The scheme of the step-by-step transition from the specific volume of the intra-
aggregate matrix (U(W)) to the specific volume of the cracked soil (Y(W)): 
U→U'→Ua→Yr→Y  (1→2→3→4→5). U and U' are the specific volumes of the intra-
aggregate matrix normalized to the matrix mass and to the mass of the soil as a whole, 
respectively. Sr=(1-k)/ρw is the slope of the reference shrinkage curve, Yr(W) in the 
basic shrinkage range. S=(1-q) (1-k)/ρw is the slope of Y(W) in the basic shrinkage 
range. Us is the specific volume of inter-aggregate pores at maximum swelling. Ui and 
Ucr as in Fig.1. Ulph is the specific volume of lacunar pores at maximum swelling. 
Dashed and dash-dot inclined straight lines are the true and pseudo saturation lines, 
respectively for both the W and w axes. Wh
*
 and Wm
*
 are the water contents 
corresponding to Ua=Uah and Y=Yh values, respectively, on the true saturation line. 
Fig.3. The solid curve simultaneously illustrates the qualitative view and the 
analytical dependence of k(c/c*). 
Fig.4. The solid and dashed curves simultaneously illustrate the qualitative view and 
the analytical dependence of qs(h/h*) and ql(h/h*) for samples and layers, 
respectively, at theoretically estimated b1≅0.15 and corresponding b2≅1 and δ≅1.5. 
Fig.5. White circles, black circles, and thin solid inclined line are primary 
experimental data on small-sample shrinkage curve, large-sample shrinkage curve, 
and saturation line, respectively, for Delia 1a soil from Chescimanno and Provenzano 
(1999). The solid curved line, Yr(W) is the found reference shrinkage curve or 
shrinkage curve for small samples (clods) at Xmz=4.5mm and xm=0.075mm. These Xmz 
and xm lead to k=0 and K=1.0363, r
2
Yr=0.9905 and σYr=0.0129 dm
3
kg
=1
. The solid 
curved line, Ys(W) is the found shrinkage curve for large samples (cores), including 
crack volume, at qs=0.223, r
2
Ys=0.9800, σYs=0.0138dm
3
kg
-1
. The black squares show 
the characteristic points on the shrinkage curves: Wh is the maximum swelling point, 
Ws is the end point of the structural shrinkage, Wn is the end point of the basic 
shrinkage, Wz is the shrinkage limit. 
Fig.6. As in Fig.5, but for Delia 2a soil from Chescimanno and Provenzano (1999). 
Xmz=3.65mm, xm=0.160mm, k=0, K=1.2185, r
2
Yr=0.9840, σYr=0.0089 dm
3
kg
=1
, 
qs=0.494, r
2
Ys=0.8012, σYs=0.0152 dm
3
kg
-1
. In addition, the dashed curved lines show 
the predicted shrinkage curves for the "thin" layer, Yl1(W) at h=3.1cm (h<h*) and the 
"thick" layer, Yl2(W) at h=11.5 cm (h>h*). 
 26
Fig.7. As in Fig.6, but for Delia 4 soil from Chescimanno and Provenzano (1999). 
Xmz=5mm, xm=0.160mm, k=0, K=1.1699, r
2
Yr=0.9463, σYr=0.0144 dm
3
kg
-1
, qs=0.280, 
r
2
Ys=0.8585, σYs=0.0170 dm
3
kg
-1
. 
Fig.8. As in Fig.5, but for Delia 6 soil from Chescimanno and Provenzano (1999). 
Xmz=3.60mm, xm=0.130mm, k=0 and K=1.1746, r
2
Yr=0.9804, σYr=0.0115 dm
3
kg
-1
, 
qs=0.655, r
2
Ys=0.7705, σYs=0.0151 dm
3
kg
-1
. 
Fig.9. Black circles are the estimated points in coordinates of the relative sample size, 
h/h* and sample crack factor, qs (Table 6) for the four soils under consideration. The 
solid line shows the theoretical qs(h/h*) dependence from Eq.(27) at b1≅0.15, and 
corresponding b2≅1 and δ≅1.5 (h/h*=1+δ is the "sewing" point). The vertical bars 
show the estimates of the standard deviations, δqs+ and δqs- of qs (Table 6). 
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Table 1. Theoretically estimated general characteristics* of aggregate 
arrangement in soil volume for smallest and largest aggregate sizes in the 
typical ranges 0.02<Xmin<0.07mm, and 2<Xm<5mm, respectively 
 
 
Xmin 
(mm) 
 
Xm 
(mm) 
 
lmin 
(mm) 
 
lm 
(mm) 
 
h*o 
(cm) 
 
h* 
(cm) 
 
lmin/Xmin 
 
lm/Xm 
 
0.02 
 
2 
 
1.03 
 
146.63 
 
1.2 
 
5.3 
 
50 
 
73 
 
0.02 
 
5 
 
3.42 
 
685.32 
 
4.8 
 
5.3 
 
171 
 
137 
 
0.07 
 
2 
 
1.47 
 
114.29 
 
1.3 
 
4.8 
 
21 
 
57 
 
0.07 
 
5 
 
5.05 
 
542.40 
 
5.2 
 
4.6 
 
72 
 
108 
* Minimum (Xmin) and maximum (Xm) aggregate size at maximum 
swelling, mean distance between the smallest (lmin) and largest (lm) 
aggregates at maximum swelling, rough approximation of the critical 
sample size (h*o), critical sample size (h*), relative mean distance between 
the smallest (lmin/Xmin) and largest (lm/Xm) aggregates. 
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